We study a curious sequence S 2 of matrices over the positive integers that is associated with the winning pairs of Wythoff's Nim. It is not a semigroup, but its union with two of its translates is. Our main objective is to determine the distribution of maximal geometric progressions M, M 2, ..., M k that are contained in S~. Their density is shown to be a surprisingly smooth function of the length k that decreases to zero very slowly when k is large.
INTRODUCTION
An attractive and well-known problem in combinatorics, initiated to a great extent by van der Waerden's theorem, is to establish the existence of long arithmetic progressions in various classes of "not too thin" sets of positive integers. For N = {n 1, n 2 .... ) a set of positive integers, the one-to-one correspondence between N and the 2 × 2 integer matrices r(N) sets up a one-to-one correspondence between the arithmetic progressions in N and the geometric progressions in r(N). To see this, observe that r(n + m)= r(n)r(m). This suggests generalizing the above (already vast) problem to that of establishing the existence of long geometric progressions in "not too thin" sets of 2 × 2 integer matrices. We shall essentially solve this problem for a particular sequence S 2 = {Mp M 2, M 3 .... } of 2 × 2 integer matrices that arises in the study of Wythoff's Nim [1, 7, 9, 1l] .
Each element of S z (defined below) lies close to a certain irrational ray in the real 4-dimensional linear space of all 2 × 2 matrices, and the differences Mi+ 1 -M i are bounded. Unlike r(all positive integers) it is not (nor does it contain) a semigroup but we shall show that its union with two of its translates is. We then study the distribution of maximal geometric progressions of the form M; M2,..., M k that are contained in S 2. Their density (Le, the density of the corresponding first members) is shown to be a surprisingly smooth function of the length k that decreases to zero very slowly when k is large. Moreover, for each fixed k the density is algebraic. The peculiar patterns of "almost but not quite" regular behavior exhibited by these matrices is known (at least metamathematically) to be related to the Penrose tiling phenomenon, but we shall not pursue this here.
Let ~b = (1 + v~)/2 be the "golden mean" and set a(n)
Here Ix] denotes the greatest integer in x. The Wythoff pairs (a(n), b(n)), n = 1, 2, 3 .... , constitute the set of winning positions of Wythoff's Nim [1, 7, 9, 11] . It is remarkable that the sequence S of 2 × 2 matrices
In a(n) ]
forms a semigroup under matrix multiplication [3, 5, 8] . Now set
(0111)
and let g/ be the union of the "Wythoffian semigroup" S with all of its translates by positive powers of F, i.e., Some wide-ranging extensions of the semigroup S have recently been studied [3, 7] , but this one seems new. Define the density of the length k maximal geometric progressions in S z by
~'=SU(S+F~).

IS2(k,N)[
This definition is a bit tricky, e. 
THEOREM 2. For s, t, m, and n positive integers, (o-(n) + FS)({r(m) + F t) = o-(k) + cF, where k = a(n)(a(m) + Ft) + n(m + Ft_l) + a(m)F~ + mF,_ 1 + F,+,_,
Thus 8(k) is algebraic and decreases monotonically (and very slowly) to zero as k ~ ~. Also, 6(k) is a discrete convex function of k for k large, and 6(k)/6(k + 1) --* 1 as k ~ ~.
SOME LEMMAS
The backbone of our proof is the same KLM formula that has been used in several related papers [3, 6, 8, 10] . We state it again, for ease of reference, as LEMMA 2.1. For any integers K, L, M, and n we have
The next lemma collects various elementary facts about Fibonacci numbers and the greatest integer function; we omit the simple proofs. 
Let j be a nonnegative integer and
(Fs_14) -F s + m6 -a(m))(Ft_16 -Ft + nO 7-a(n)) = d).
SEQUENCES OF WYTHOFFIAN MATRICES
Proof. For (1) 
({~(n) + FS)(°-(m) + Ft) = ( x, Y
where (note Lemma 2.2 (2))
x = a(n)(a(m) + Ft) + n(m + Ft_l) + x' and y = a(n)(b(m) + Ft+a) + n(a(m) + Ft) + a(m)Fs+ 1 + mF s + Fs+ t.
Now compute a(x) by the KLM formula:
a(x) = a(n)(b(m) + Ft+l) + n(a(m) + Ft) + a(x')
+ {x'4q + {m4~}{nq~} + {n4,} V-"
By the KLM formula again,
a(x') = a(m)Fs+ 1 + mF s + a(Fs+t_l) +
S
From (3) and (4) We now have
and finally, by Theorem 2,
Recall that The result now follows from the well-known fact that the {mqS} are uniformly distributed modulo 1.
REMARK
A moderately complete guide to the literature on Wythoff pairs and related topics may be obtained by combining [2, 6, 8] and the references therein. The key phrase for much or most of the literature on "arithmetic progressions contained in a given sequence" is "Van der Waerden's Theorem." An excellent guide to this literature in [4] , especially Chapter 2 of the second edition.
